We prove in this paper a noncommutative version of Leray Theorem and then Serre Spectral Theorem for noncommutative Serre fibrations. We prove that for NC Serre fibration there are converging spectral sequences with E 2 terms as E 2 p,q = HP p (B, A; HP q (A)) =⇒ HP p+q (B) and E 2 p,q = HP p (B, A; K q (A)) =⇒ K p+q (B).
Introduction
The ideas of using spectral sequences to operator algebras was started in [C] . In that work the author constructed for an arbitrary algebras some CCR-or CTcomposition series and tried to define the structure of the algebras through Busby invariants of extensions. This reduced to the ideas of using spectral sequences. However, the technique of spectral sequence meets some difficulties, for example convergence problem.
It is well-known that for every short exact sequence of ideal and algebras
where A is some ideal in B and C ∼ = B/A is the quotient algebra, there is a natural spectral sequence converging to the cyclic periodic homology with E 2 -term E 2 p,q = HP p (B, A; HP q (A)) =⇒ HP n (B), with n = p + q * The work was supported in part by the National Project of Research in Fundamental Sciences of Vietnam. and a spectral sequence converging to the K-theory with E 2 term E 2 p,q = HP p (B, A; Kq (A)) =⇒ Kn (B), with n = p + q.
It is natural to ask whether the condition of A being an ideal is necessary for this exact sequence. We observe [SF] that this condition is indeed not necessarily to be satisfied. From this we arrive to a more general condition of a noncommutative Serre fibration as some homomorphism of algebras with the so called UCH (Universal Covering Homotopy). But we do restrict to consider only the so called noncommutative CW-complexes. We prove that up to homotopy we can change any homomorphism between noncommutative CW-complexes to be a noncommutative Serre fibration. We can then deduce the spectral sequences for the cyclic periodic homology and K-theory of an arbitrary NC Serre fibration and of an arbitrary morphism of NC CW-complexes. It seems to the author that here for the first time, the notion of NC CW-complex is introduced and therefore we could work with spectral sequences for general maps between NC CWcomplexes. Let us describe the contents of the paper. In Section 1 we construct for noncommutative (NC) CW-complexes the Leray spectral sequences. In the next section, we prove that for NC Serre fibration there are converging spectral sequences with E 2 terms as E 1 Leray Spectral Theorem Definition 1.1 A noncommutative (shortly, NC) CW-complex is by definition the algebra A of all formal series, generated by some of generators h s , s ∈ S subject to the relations
It is easy to show that the NC CW-complexes form a category.
Definition 1.2
We say that the morphism f : A −→ B admits the universal covering homotopy (UCH) if for every algebra C and every morphism ϕ : A −→ C such that there is some morphismφ : B −→ C satisfying ϕ =φ • f , and for every homotopy ϕ t : A −→ C, ϕ 0 = ϕ, there exists a homotopyφ t : B −→ C,φ 0 =φ, such that for every t, ϕ t =φ t • f , i.e. the following diagram is commutative
Theorem 1.4 In the category of NC CW-complexes, for every morphism
which is a NC Serre fibration.
Before remind the proof of this theorem [SF] , we do introduce the following notions of noncommutative cylinder and noncommutative mapping cones.
Definition 1.5 Let f : A −→ B be a morphism of algebras, define the noncommutative (shortly, NC) cylinder of map f as
Remark that we used in this definition A ∼ = A ⊗ {1} and f (A) ⊂ B. Indeed if we have some curve in A ′ = Π(A, B), we have a family of curves in B, starting from A The end-points give us the necessary homotopy from B to C. The theorem is proved.
From this theorem, we can look at any map between NC CW-complexes as a Serre fibration. For the last one there are some converging spectral sequences. Let us start however from more general situation of the Leray spectral theorem. 
Theorem 1.9 (Noncommutative Leray Theorem for HP-groups) Let
{0} = A −1 ⊆ A 0 ⊆ . . . ⊆ A k = A
E
0 p, q = C q (A p , A p−1 ).
d
0 p,q is coincided with the boundary operator ∂ : 
Theorem 1.10 (Noncommutative Leray Theorem for K-groups) Let
E
. 
Spectral Sequences for Noncommutative Serre Fibrations
Theorem 2.2 For an arbitrary NC Serre fibration A ֒→ B, we have
Proof. In the category of NC CW-complexes, we have the fact that the graded de Rham cohomology of a cell is isomorphic to the periodic cyclic homology of the corresponding NC cell. And therefore
It is easy to see that
and thereforeẼ 
By analogy we have also the same results for K-groups Proof. In the category of NC CW-complexes, we have the fact that the graded de Rham cohomology of a cell is isomorphic to the periodic cyclic homology of the corresponding NC cell. And therefore It is easy to see that d
